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w ■ Abstract 

"^ I For a graph L and an integer k > 2, Rk{L) denotes the smallest 

J^ ' integer N for which for any edge-colouring of the complete graph K^ 

S . by fc colours there exists a colour i for which the corresponding colour 

\ class contains L as a subgraph. 

CN ■ Bondy and Erdos conjectured that, for an odd cycle C„ on n ver- 

^ . tices, 

(M ; Rk{Cn) = 2^-^{n - 1) + 1 forn > 3. 

jy-. . They proved the case when k = 2 and also provided an upper bound 

• I Rk{Cn) < (k + 2)ln. Recently, this conjecture has been verified for 

(•^ ■ fe = 3 if n is large. In this note, we prove that for every integer /c > 4, 

y—i ', Rk{Cn) < k2 n + o{n), as n — ;• oo. 

^ ■ When n is even, Yongqi, Yuansheng, Feng, and Bingxi gave a con- 

^ , struction, showing that Rk{Cn) > (^ — l)ra — 2k + 4. Here we prove 

H ' that if n is even, then 

RkiPn) <kn + o{n), as n — )• oo. 
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1. Introduction 

In this note we shall consider Ramsey problems connected to edge-colourings 
of ordinary graphs with k colours, for a given k > 2, and try to ensure 
monochromatic cycles of a given length. We shall use the standard notation. 
Given a graph G = {V,E), v{G) denotes the number of vertices and e{G) 
the number of edges in G. For a subset W of V, G[W] is the subgraph of G 
induced by the vertices in W. 

For graphs Li, . . . ,Lk, the Ramsey number R{Li, . . . , L^) is the minimum 
integer A^ such that for any edge-colouring of the complete graph K^^ by k 
colours there exists a colour i for which the i^^ colour class contains Li as 
a subgraph. For Li = L2 = ■ ■ ■ = Lk = L, we set Rk{L) := R{Li, . . . , Lk). 

The behaviour of the Ramsey number R{Cn, Cm) has been studied by 
several authors, for example, by Bondy and Erdos, [3], Faudree and Schelp, 
[6], Rosta, [13], and it is completely described and well-understood. Among 
others, it is known that 

, . _ J 2n — 1, if n > 5 is odd, 
R2{Cn) = I |i _ 1^ if n > 6 is even. 

Bondy and Erdos [3] conjectured that Rk{Cn) = 2^^^(n — l) + 1 for every odd 
n > 3. The conjectured extremal colouring, giving the lower bound, can be 
easily constructed recursively: for two colours, take two disjoint sets of size 
n — 1, colour all the pairs within each set by colour 1, and colour all the pairs 
joining these two sets by colour 2. For i = 3, . . . , A;, take two disjoint copies 
of the colouring for i — 1 colours and colour all the pairs joining these two 
copies by colour i. The final /c-colouring has 2^~^(n — 1) vertices and every 
monochromatic component has either only n — 1 vertices or it is bipartite 
and, therefore, does not contain odd cycles. 

As for the upper bound for Rk{Cn), k > 3, Luczak [12] proved that if n is 
odd, then R^{Cn) = 4n + o{n)^ as n — ?> 00. Later, Kohayakawa, Simonovits, 
and Skokan [8, 9] showed that R^{Cn) = 4n — 3 for all odd, sufficiently large 
values of n. The conjecture is still open for k > 4. Bondy and Erdos [3] 
remarked that they could prove Rk{Cn) < (A; + 2)!n for n odd. In this note 
we shall give an upper bound which is correct up to 0{k) factor. 

Theorem 1. For every k > 4 and odd n, 

Rk{Cn) < k2^n + o{n), as n — > 00. 



The Ramsey number Rk{Cn) behaves rather differently for even values 
of n. From [6] and [13], we know that i?2(C'n) = 3n/2 — 1 and, for large even n, 
Benevides and Skokan [2] proved that R^{Cn) = 2n. Yongqi, Yuansheng, 
Feng, and Bingxi [15] gave a construction yielding 

Rk{Cn) >{k- l)n-2k + 4:. 

Here we prove the following. 

Theorem 2. For every k > 2 and even n, 

RkiCn) < kn + o{n), as ra — )■ oo. 

In both results above, k is fixed and n is large. When n is fixed and k is 
large, we know even less. For n odd and k large, the original Bondy-Erdos 
bound from [3] 



-ifc-i 



{n - I) + I < Rk{Cn) < {k + 2)\n 



is still the best bound we have. There are better bounds for small values of 
n. For n = 3, it is known that 

cil073^/^ < Rk{C^) < C2k\ 

with C2 < e, see [1, 4, 16, 17]. For n = 5, Li [10] proved that 

RkiC^) < VlS^A;!, for k > 2. 

For a fixed even n, it is known that 

RkiCn) <ck^, 

where c is a constant depending only on n. Li and Lih [11] showed that this 
bound is asymptotically correct for n = 4,6, 10. 



2. Tools 

We shall make use of the following result of Erdos and Gallai, [5]. 

Theorems. Letn>3. For any graph G with at least {n—l){v{G) — l)/2 + l 
edges, G contains a cycle of length at least n. 



As an immediate consequence we obtain the following useful decomposi- 
tion lemma of Figaj and Luczak [7] . 

Lemma 4. If no non-bipartite component of a graph G contains a matching 
of at least n/2 edges, then there exists a partition V{G) = V^ VJV"^ VJV^ of 
the vertices of G for which 

(A) G has no edges joining V^ U V'^ and V^ ; 

(B) the subgraph G\V^ U V"^] is bipartite, with bipartition {V^^V"^); 

(C) the subgraph G[V^] has at most n{\V^\ — 1)/2 edges and each component 
of G[V^] is non-bipartite. 

Notice that Lemma 4 defines a decomposition of V{G) into sets V^, V"^, 
and V"^, and we shall call V^ the sparse set. For completeness, we include its 
proof. 

Proof. Assume that no non-bipartite component of G contains a matching 
of at least n/2 edges. Let (V^, V"^) be the bipartition of the union of bipartite 
components of G, and V^ be the vertex set of the union of non-bipartite 
components. Then (A) and (B) hold, and (C) follows from Theorem 3. | 



3. Odd cycles 

For an integer k > 1 and a positive number c, let Pk{c) be the following 
property: 

Pk{c): for every e > there exist a 6 > and an Uq such that 
for every odd n > Uq and any graph G with v{G) > {1 -\- e)cn 
and e{G) > (1 — 5) ("2 ) » ^W k-edge-colouring of G has a mono- 
chromatic non-bipartite component with a matching of {n+l)/2 
edges. 

Our proof of Theorem 1 is based on the following consequence of the 
Regularity Lemma [14] observed by Figaj and Luczak; see [7] for a more 
general statement. 

Lemma 5. Let a real number c > and an integer k > 2 be given. If Pk{c) 
holds, then 

Rk(Cn) < (c -|- o(l))n, as n — )■ 00. 



Hence, Theorem 1 follows from the next lemma. 
Lemma 6. For any integer k > A, Pk{k2^) holds. 

Proof. Given an integer k > 4 and an e > 0, let n be a sufficiently large 
odd integer, 6 = e/2^^"'"*^ and A^ = (1 + e)k2^n. Suppose that G is a graph 
with v{G) > N and e{G) > (1 - S){''^^^). Assume to the contrary that 
there exists a k-edge colouring of G without a monochromatic matching of 
(n + l)/2 edges in a non-bipartite component. We may also assume that 
€ < 1 and v{G) = N. Indeed, if v{G) > N and 

eiG)>il-6)(^fy (1) 

then, iteratively removing {v{G) — N times) a vertex of minimum degree, we 
obtain a subgraph of G with A^ vertices and at least (1 — ^)(2) edges. 

For every colour i, let Gi be the spanning subgraph of G induced by the 
edges coloured by i. Then no Gi contains a matching of {n + l)/2 edges in 
a non-bipartite component, otherwise we would have a contradiction. 

We apply Lemma 4 to Gi for every i G [k] := {1, . . . ,k} and obtain a 
partition into l^/, V^^, and the sparse set V^^. For every i E [k], set X/ = V^ 

k 

and X^ = V^ U V^ . Notice that there are 2^ sets of the form jl X^*, where 

jn G {1,2} for every l. Since V/, V^ and Vf form a partition of ViG) for 
every i, it is clear that the above 2^ sets are pairwise disjoint and form a 
partition of V{G). 

The graph G has X = (1 + e)k2^n vertices, therefore, there is a choice 

k 

of je G {1, 2}, i = 1,2, ... ,k, such that the size of the set X = || Xj' is at 

e=i 
least N/2'' = {1 + e)kn > kn. 

For every i, if there is and edge e of colour i in X, then it must be 
contained in V^ (by (A) and (B)). Hence, it is contained in an odd component 
(by (C)). Since there are no monochromatic matchings of {n+ l)/2 edges in 
the non-bipartite components, X contains no cycles longer than n in colour 
i, so, by Theorem 3, there are at most ^(|X| — l)/2 edges of colour i with 
both endpoints in X. Hence, 

e{G[X]) < kn{\X\ - l)/2. (2) 



On the other hand, from (1), we have 

. 2 y " V2 

Comparing (2) and (3) yields 

.N{N-l) 
\X\-l ' 



e{G[X])>0f)-6(T]- (3) 



IXI <kn + 6- 



Using assumptions e < 1, 6 = e/2^'^"'"*^, N < k2^^^, and |X| > kn, we have 

that 

^N{N^1)_ ^ ^^N^ ^ ,^ (A:2^+M^ ^ ekn 

|X| - 1 - |X| - kn - 2 ' 

Thus, 

(1 + e)kn < \X\ <kn^ , 

which is a contradiction. I 

Remark 7. The methods of Figaj and Luczak and the proof above give a 
result slightly stronger than Theorem 1. 

Given a natural number k > 4 and ane > 0, there exist a6 > and an no 
with the following property. Suppose that n > no is odd, A^ > (1 + e)k2^n, 
and G is a graph with v{G) > N and e{G) > (1 — 5) (^2 )■ Then in any 
k-colouring of the edges of G, there exists a monochromatic cycle Cn- 

These types of theorems are not much more difficult than the ones on the 
colourings of the complete graphs, however, these are the forms we use in 
our applications. 



4. Even cycles 

In the proof of Theorem 2 we shall use another case of the lemma of Figaj 
and Luczak (Lemma 3 in [7]). 

Lemma 8. Let a real number c > be given. If for every e > there exist 
a 6 > and an no such that for every even n > no and any graph G with 
v{G) > (1 + s)cn and e{G) > (1 — 5){^2J' ^'^^ k- edge- colouring of G has a 
monochromatic component containing a matching ofn/2 edges, then 

Rk{Cn)<{c + o{l))n. 



Now we prove Theorem 2. 

Proof. For an arbitrary < e < 1, consider any A;-colouring of a graph G 
on N > (1 + e)nk vertices and with at least (1 — e/3)(^^^ edges. One of 
the colours must have at least ^(1 — e/3)[^) > \n{N — 1) + 1 edges, so, 
by Theorem 3, this colour contains a cycle of length at least n + 1. This 
implies the existence of a matching covering n vertices in a monochromatic 
component. Hence, Lemma 8 implies that Rk{Cn) < (A; + o{l))n. | 



References 

[1 

[2 



H. Abbott and D. Hanson, A problem of Schur and its generalizations, 
Acta Arith 20 (1972), 175-187. 



F. Benevides and J. Skokan, The 3-colored Ramsey number of even cy- 
cles, J. Combin. Theory Ser. B 99 (2009), no. 4, 690-708. 

[3] J. A. Bondy and P. Erdos, Ramsey numbers for cycles in graphs, J. Com- 
bin. Theory Ser. B 14 (1973), 46-54. 

[4] F.R.K. Chung, On triangular and cyclic Ramsey numbers with k colors. 
Graphs and combinatorics (Proc. Capital Conf., George Washington 
Univ., Washington, D.C., 1973), pp. 236-242, Lecture Notes in Math., 
Vol. 406, Springer, Berlin 1974. 

[5] P. Erdos and T. Gallai, On maximal paths and circuits of graphs. Acta 
Math. Acad. Sci. Hungar. 10 (1959), 337-356 (unbound insert). 

[6] R. J. Faudree and R. H. Schelp, All Ramsey numbers for cycles in graphs. 
Discrete Math. 8 (1974), 313-329. 

[7] A. Figaj and T. Luczak, The Ramsey number for a triple of large cycles, 
arXiv:0709.0048vl [math. CO]. 

[8] Y. Kohayakawa, M. Simonovits, and J. Skokan, The 3-colored Ramsey 
number of odd cycles. Proceedings of GRACO 2005, pp. 397-402 (elec- 
tronic). Electron. Notes Discrete Math., 19, Elsevier, Amsterdam, 2005. 

[9] Y. Kohayakawa, M. Simonovits, and J. Skokan, The 3-colored Ramsey 
number of odd cycles, J. Combin. Theory Ser. B, to appear. 



[10] Y. Li, The multi-color Ramsey number of an odd cycle, J. Graph Theory 
62 (2009), no. 4, 324-328. 

[11] Y. Li and K. Lih, Multi-color Ramsey numbers of even cycles, European 
J. Combin. 30 (2009), no. 1, 114-118. 

[12] T. Luczak, R{Cn,Cn,Cn) < (4 + o(l))n, J. Combin. Theory Ser. B 75 
(1999), no. 2, 174-187. 

[13] V. Rosta, On a Ramsey-type problem of J. A. Bondy and P. Erdos. I, II, 
J. Combin. Theory Ser. B 15 (1973), 94-104; ibid. 15 (1973), 105-120. 

[14] E. Szemeredi, Regular partitions of graphs, Problemes combinatoires et 
theorie des graphes (Colloq. Internal. CNRS, Univ. Orsay, Orsay, 1976), 
Colloq. Internal. CNRS, vol. 260, CNRS, Paris, 1978, pp. 399-401. 

[15] S. Yongqi, Y. Yuansheng, X. Feng, and L. Bingxi, New lower bounds on 
the multicolor Ramsey numbers Rr{C2m), Graphs Combin. 22 (2006), 
no. 2, 283-288. 

[16] H. Wan, Upper bounds for Ramsey numbers R{3, 3, ..., 3) and Schur num- 
bers, J. Graph Theory 26 (1997), 119-122. 

[17] X. Xu, Z. Xie, G. Exoo, and S. Radziszowski, Constructive lower bounds 
on classical multicolor Ramsey numbers. Electron. J. Combin. 11 (2004), 
no. 1, #R35, 24pp. (electronic). 



